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Course Rationale

We all have an intuitive idea of the concepts of finite set and infinite set: the set of pens in my pencil
case is finite (I have exactly 1 pen in my pencil case), the set of tables in this classroom is finite (there are
exactly 9 tables in this classroom), the set of students studying at Cleeve Park School is finite (there are
exactly 1025 students in this school). Even the set of blades of grass in the school playground field is finite:
there may be loads and loads of blades, but if we were patient enough we would be able to count down all of
them. In other words, all those sets come with an attached whole number identifying clearly their size: these
sets are called finite. However, we are also aware that infinite sets do exist: the set of whole numbers is
infinite, because we cannot list all of its elements (whatever number | can think, if I add 1 | obtain a larger
number). Similarly, the set of points on a line is infinite: if | pick any two points, there is always one in
between. For sets like those, there is no number capturing their size: this is why they are called infinite.

Whole Numbers = {0,1,2,3,...,1000,1001,...,1000000,...,10*®,10'®° +1,10*° +2,...}

This course is an opportunity for you to reflect formally and systematically on the idea of “size” of a
set, both in the finite and the finite case. As a matter of fact quantitative common sense is seriously
challenged by infinite sets and it is rather easy to run into paradoxes and wrong statements. As an example,
it is largely believed that “the whole is always larger than the part”, i.e. — more formally — that a proper
subset of a given set should always be made of “fewer” elements than the ambient set. This is certainly true
in the finite case: the set of female Cleeve Park students is certainly smaller in size than the set of all
students of this school. Similarly, the set of tables by the window wall is certainly made of fewer elements
than the set of all tables in our classroom. Any part (or better subset) of a finite set is genuinely smaller in
size than the whole set. However, this fact — to which we are all so used — fails to be true in the context of
infinite sets. Indeed, in these series of tutorials we will discover that there are as many even numbers as
whole numbers: more formally we will show that the set of even numbers — which is a proper subset of the
set of whole numbers — has the same size of the entire set of whole numbers. Even more surprisingly, we
will prove that the set of fractions has the same size of the set of whole numbers. On the other hand, we will
show that the line is genuinely bigger than the set of whole numbers: there are actually “more” points on a
line than whole numbers, whereas there are exactly “as many fractions as whole numbers”. In formal
mathematical terms, you will learn that there is a “hierarchy of infinities” — called transfinite cardinals —
made in such a way that a set and a proper subset may share the same “level of infiniteness”.

1 2 3 4 5 6 7 8 9 10...

S T A A

2 - 6 8 10 12 14 16 18 20..

We will begin this course by reviewing and deepening the concepts of set, set operation, function and
relation. After that we will formalize the intuitive notion of size of a set, by introducing the relation of
equipotence and the notion of cardinality. As a major application of such concepts, we will discuss Cantor’s
approach to the foundation of arithmetic and appreciate the paradoxes to which it leads (Russell’s
antinomy). At this point, we will finally introduce the “hierarchy of infinities” and deeply analyse the
“infinity of whole numbers” (known as countable infinity) and the “infinity of the line” (known as
uncountable infinity”’). At the end of the course we will prove in full detail that the set of fractions is
countable (i.e. it has the same size of the set of “whole numbers”) and that the set of all decimal numbers is
uncountable (i.e. it is genuinely larger than the set of “whole numbers”




Course Map

Tutorial 2
RELATIONS

e The Cartesian product;

o Relations and their
properties;

e Equivalence relations
and quotient sets.

Tutorial 1
BASsIC SET THEORY

Tutorial 3
CANTOR ARITHMETIC

e Sets and set operations;

e Subsets and power sets;

e Functions and their
properties.

The relation of
equipotence;
Natural numbers
according to Cantor;
Russell’s Antinomy.

THE “WHOLE” IS NOT
NECESSARILY LARGER
THAN THE “PART”.

An introduction to
transfinite
cardinals

Tutorial 5
Two Key EXAMPLES:
Qanp R

Tutorial 4
CARDINALITY

e Cardinals;
e Countable vs
uncountable sets;
e The Continuum
Hypothesis.

® The set of rational
numbers is countable.

® The set of real numbers

is uncountable.




Mark Scheme

Key Skill

Contents comprehension and
mastery

Logical Reasoning,
Application and Problem
Solving

Language and
Communication

Clear, complete and detailed understanding of all
notions and definitions.

Full mastery of all techniques, methods and proof
strategies.

Clear understanding of major definitions and
constructions.
Decent mastery of the main proof strategies and

arguments.

Excellent capabilities related to applying abstract
concepts from the course in non-trivial examples.
Good capabilities related to applying notions, methods
and strategies developed within the course to prove
unknown statements.

Good capabilities related to construct simple examples
attached to related abstract notions developed in
lectures.

Decent abilities related to adapting proofs and
arguments developed in lectures to demonstrate
slightly modified statements

Writing is coherent and organised following a logical
sequence and an appropriate mathematical style.
Correct, complete, informed and varied use of
mathematical vocabulary.

Mathematical writing is readable and understandable
even if not fully coherent and structured.

Correct and informed use of main mathematical
vocabulary.




Glossary of Keywords

‘ Definition

Given two sets A and B, the intersection ANB is the set

made of elements who belong to both A and B. In formula:

Brief explanation

The intersection of two sets is the set of common

Example

A={1,2,3,4}

: B=(3,4,5
Intersection ANB:={xEA and x€B} elements. :
) o o L ANB={3,4}
Two sets are said to be disjoint if their intersection is empty.
Given two sets A and B, the union AUB is the set made of A={1,2}
Union elements who belong to A or B (or both). In formula: The union is of two sets is the set of all elements. B={2,3}
AUB:={xEA or x€B} AUB={1,2,3}
Given two sets A and B, the complement A-B of B in A is the A={a,b,c,d}
set made of elements who belong to A but do not belong to| The complement is made of the elements of a set B={d,e,f}
Complement i
B. In formula: which do not belong to the other set. A-B={a,b,c}
A-B:={xEA and x& B} B-A={e,f}

Given a set A, we say that a set S is a subset of A (and we

A subset is a set completely contained in another

A={a,b,c,d}

. oA i _ X ) =
Subset write 5CA) if all elements of 5 are elements of A. In ambient set, i.e. a set whose elements are some B={b,c}
formula: of the elements of the ambient set
ScA ifandonlyif x€S =x€A then BCA
Given a set A, the power set P(A) of A is the set whose . ) A={2,3}
. The power set is the set of all subsets of a given
Power set | elements are the subsets of A. In formula: set P(A)=
P(A):= {S such that SC A} ’ (0{2},{3},A}
Given two sets A and B, a function f/A—B is a law which to
every element x&A associates exactly one element f(x) €B.
We have that: '
* SetA _'S sa!d to be the domain _Of the funct|or.1f. A function is a machine which picks an input '
Function * SetBissaid to be the codomain of the functlpnf.‘ element in the source set and returns one and -
. For every element x€A, the element f(x)E€B is said only one output element in the target set.
to be the image of x under f.
e The set R of all images of fis called range: this is A B
the subset of the codomain B defined as
R:={y€B such that y=f(x) for some x €A}
A function f:A—B is said to be injective if different elements .
Injective |in the domain have different images under f in the L - . 1 )
J . . & f An injective function is a one-to-one machine. e n i
function |codomain. In formula: j .
finjective:  Wxix2€A  f(x1)=f(x2) = x1=x2
Afi jon f:A—B is sai jective if all el inth L L Lo .
.. unctlgnf ) 's said to be w} ae emen'ts Ih t .e A surjective function is a machine in which all fan-E e
Surjective |codomain are images of some element in the domain, i.e. if : [P
. ) ) ) elements in the target set are the output of some | ™! )i p)
function |the range of fis equal to the entire codomain. In formula: element in the source set LI AN
fsurjective: VWyEB IxEA such that y=f(x) ’ ! ®
domain range
Bijective A function f:A—B is said to be bijective if it is both injective A bijective function is a one-to-one machine | > 0
functi ' and sur';tiT ) which all element in the target set are the output | | 7 §1
unction J ’ of some element in the source set. 8 >
10—+—7>
A={1,2}
Given two sets A and B, the Cartesian product AXB is the set B={a,b}
Cartesian | made of pairs (x,y) where x belongs to A and y belongs to B. The Cartesian product of two sets is the set of
product In formula: ordered pairs of elements in those two sets. AxB={(1,a),
AXB:={(x,y) such that x€A and y€B} (1,b), (2,0),
(2,b)}
Given two sets A and B, a binary relation 2 between A and B Arelationinasetisa CO“?CtIOI’] of ordered pairs [ § &
) ) of elements belonging to such a set.
Relation is a subset of the Cartesian product A xB.
) o ) Relations are a way to connect elements of a set | « ¥
Given aset A, a relation in A is a subset of AXA. . . . . 4 )
e — without the stricter requirements of functions. .
. Given a set A, a relation 2in A is said to be reflexive if all . L L .
Reflexive ) ) ) ) A reflexive relation is a relation in which any
elements in A are in relation with themselves. In formula: .
property element is self-related.

Rreflexive: WxEA x & x




Given a set A, a relation 2in A is said to be symmetric if for

A symmetric relation is a relation in which all

Symmetric |any two elements x;,x2EA, x; is related to x; if and only if x2|  couples come in pairs, i.e. if any two elements === »
property |is related to x;. In formula: happen to be related, they must be related in } ;‘
Zsymmetric: Vx,x26A X1 B x2S X2 @ X1 both directions, not just in one. 4og >0 3
. . ) L e A transitive relation is a relation in which “bein
Given a set A, a relation Rin A is said to be transitive if for v ‘ont ‘on i wh! Y ! .g
.. ; related is transmitted through elements”, i.e. if .
Transitive |any three elements x3,x2,Xx3EA such that x; is related to x; . . m
) ) an element is related to another element and this
property |andx:is related to xs, then x; is related to xs. In formula:

Rtransitive :  Vx,x2,X3EA (x1 X2 and x; BX1) = x1 & X3

element is related to a third one, than the first
element is related to the third one.

Equivalence
relation

Given a set A, a relation 2in A is said to be an equivalence
relation if it is simultaneously reflexive, symmetric and
transitive.

An equivalence class in A under 2is the subset of elements
in A which are related to one another under 2.

Two elements of A belong to the same equivalence class if
and only if they are related to one another: this means that
equivalence classes are disjoint and their union is the entire
set A. In formal mathematical terms, we say that an
equivalence relation determines a partition of A.

An equivalence relation is a relation slicing out a
set into equivalence classes, i.e. into a number of
subsets without any common element which give
back the entire original set when joined together.
For this to happen, the relation needs to be
simultaneously reflexive, symmetric and
transitive.

Given a set with an equivalence relation, we can

Given a set A equipped with an equivalence relation Z, the h tative f h val Al =
Quotient set | quotient set A/ is the set of all equivalence classes in A choose a representative for eac e'qU|v.a ence {{1,2,5},
class: the set of such representatives is the
under 2. - {3,4,6}}
quotient set.
Two sets A and B are said to be equipotent (or| Two setsare equipotent if we can write down a
equinumerous) if there exists a bijective function between A | one-to-one function whose domain is the first set | A={1,2,3}
. and B. In formula: and whose range is the second set. B={a,b,c}
uipotence ; ; ; ; : ; ot
. Als equipotent to B ifand only if 3 f:A—B with f bijective If the two sets are finite, saying that they are Aand B are
We can prove that equipotence is an equivalence relation in equivalent is the same as saying that they have equipotent

the collection of all sets.

the same number of elements.

The cardinality of a set is just a measure of the
size of the set.

A={a,b,c,d}

e [f the set is finite, the cadinality is just |Al=4
the number of elements of the set. N
. Given a set A, the cardinality [A] of A is the equivalence e Ifthe setisinfinite, the ca?rd|.na||.ty is not {0,1,2,..}
Cardinality class of A under the relation of equipotence a number, but a symbol indicating “the IN|= 4
' level of infiniteness” of such a set.
Two infinite sets may sit at different stages of the | R={gecimals}
“hierarchy of infinities” determined by cardinality,
so even if they are both infinite one may be IR|=;
“bigger” than the other.
A countable set is a set which has the same size Examples of
of the set of whole numbers, i.e. a set which can countable
be put in bijection with the set of whole numbers. sets are:
An infinite set A is said to be countable if it is equipotent to | |n other words, an infinite set is countable if and
the set N of natural numbers (aka whole numbers). The only if we can rearrange its elements and list N={0,1,2,..}
Countable cardinality of a countable set is denoted with Xo. In formula: | them in a sequence, just like we can do for whole | {odd numbers}
set A countable ifandonlyif |A]=]N|=N, numbers. {even numbers)
An uncountable set is an infinite set which is not countable. The cardinality of countable sets is denoted by | {exact squares}
the symbol &, (& stands for letter A in the Hebrew (exact cubes}
alphabet). This is the smallest infinite: the size of
an infinite set needs to be at least Ap. Q={fractions}
A set has the cardinality of the continuum if it can | Examples of
be put in bijection with a line, i.e. if we can sets with
An infinite set A is said to have the cardinality of the| associate to any point of the set exactly one point | continuum
Cardinality |continuum if it is equipotent to the line (where we see the | on the line and by doing so we label all points on card. are
of the line as a set of points The cardinality of the continuum is the line.
Contnuum | denoted with Ry In formula: The cardinality the continuum is denoted by the ™~
A has the card. of the continuum if and only ’f/A/:/\ [=H symbol ¥;: according to the Continuum R={decimals}
Hypothesis there are no possible infinities {decimals

between Ny and &;.

between 0 and 1}




Tutorial 1 - Basic Set Theory

Today’s Key Questions:

e What s a set and how do we represent it?
e  What sort of operations can we perform with sets?
e How do we compare to different sets?

What is the Purpose of Tutorial 1?

e Review the language of sets and their basic operations (union, intersection, complement)
e Introduce the notion of subset and power set.

e Review and deepen the notion of function.

e Introduce the notions of injective function, surjective function and bijective function.

Today’s Homework is:

e Baseline Assessment: see next page.
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Homework 1 —Baseline Test

The homework assignment for the first tutorial is a baseline test to see your initial level of attainment in this subject area.
The assignment will test for some or all of the subject specific skills that are required later in the final assignment.
However, it is shorter than the final assignment and is will be an introduction to the subject as well as a challenge!

Do not worry too much about doing ‘well’ or ‘badly’ on the baseline test, it takes into account the fact that you may not
be familiar with the subject area. It is designed to help you and your PhD tutor identify where you are at the start of the
programme and to help you measure your progress along the way.

Question 1
Consider the sets
A:={1,3,4,5,6,7}
B:={2,3,4,5,7}
C:={x whole number such that 4<x<9}

a) Represent the above sets through Venn diagrams;
b) Work out (by listing all elements) the sets
ANB, ANC, BNC, ANBNC
AUB, AUC, BUC, AUBUC
A-B, B-A, A-C, C-A, B-C, C-B
(ANB)-(ANBNC), (ANC)-(ANBNC), (BNC)-(ANBNC)

c) Work out (by listing all elements) the sets

P(ANBNC)
P(C-(AUB))
P((BNC)-(ANBNC))
Question 2

A number set is a set whose elements are numbers. Standard number sets (which we will constantly use during this course) are
the following:

N:={natural numbers}={0,1,2,3,4,...,1000,1001,...}
Z:={(relative) integer numbers}={...,-3,-2,-1,0,1,2,3,...}
Q:={rational numbers}={all fractions}
R:={real numbers}={all decimals}

Explain in your own words why NCZcQcR and all inclusions are strict (meaning that each set is a proper subset of the preceding
one).

Question 3

Consider the following functions

fR>R g:R>R h:N->N
x—2x+1 xx2+1 nen’+1

Which function is injective? Which one surjetive? Which bijective? Explain your answers.
Question 4 (Extension question)

Consider a line and a circumference and view them as sets of points. Now take a point out of the circumference. Can you find a
bijective function between such sets?

T~
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Tutorial 2 — Relations

Today’s Key Questions:

e What is a (set-theoretic) relation?
e What is an equivalence relation?
e Whatis a quotient set?

What is the Purpose of Tutorial 2?

e Introduce the notion of Cartesian product of two sets and the notion of relation; realise functions as special kinds of
relations.

e Understand and describe the main properties of relations, i.e.: reflexive property, symmetric property and transitive
property.

e Identify equivalence relations among all relations.

e Understand that any equivalence relation determines a partition of a set and work out such a partition; understand the
idea of quotient set.

Today’s Homework is:

e See handout with list of problems.
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Tutorial 3 — Cantor Arithmetic

Today’s Key Questions:

e  What is the meaning of equipotence?
e  What is the Cantor’s definition of natural number?
e How did Russell criticize the logical validity of Cantor’s approach?

What is the Purpose of Tutorial 3?

e Understand the relation of equipotence as an equivalence relation.
e Describe Cantor’s way to construct the set of natural numbers.

e Understand Russell’s Antinomy.

e  Assess strengths and weaknesses of Cantor’s arithmetic.

Today’s Homework is:

e See handout with list of problems.
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Tutorial 4 — Cardinality
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Today’s Key Questions:

e How can we characterize the “size” of a (possibly infinite) set?

e  What is the meaning of cardinality and cardinal? What is a transfinite cardinal?
e What are the basic operations between cardinals?

e How do we compare two transfinite cardinals (“hierarchy of infinities”)?

What is the Purpose of Tutorial 4?

e Understand the notion of cardinality as “the quotient set” of the equipotence relation;

e Understand that a set can have either finite or transfinite cardinality.

e Distinguish between countable sets and uncountable sets.

e Understand that the set N of natural numbers and the set Z of relative integer numbers are countable.
e  Prove through specific examples that “the Whole is not necessarily larger than the part”.

e Introduce the Continuum Hypothesis and discuss its relevance in the history of modern Mathematics

Today’s Homework is:

e  See handout with list of problems.
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Tutorial 5 - Two Key Examples: Q and R

/1 122-1/3 1/4-1/5 1/6-1/7 1/8 =
‘lr/’??t/ /’7 1/ /’7 / /’7 Natural Real
2117 212 213 2147 2/5 2016 2/T 2/8 - 0 e
A A g P 1 0.098473294543. ..
3/1 3/2 3/3 3/4 3/5 3/6 3/7 3/8 2 0.193214042202. ..
i o AL A 3 0.843279242093. ..
4/1 4/2/'4/3‘/4/4/,4/5 416 417 4/8 g 8'2%%254215332' ..
. 341
‘/1‘/5/2 5/3 5/4 5/5 5/6 5/7 5/8 6 0.017773923845. ..
VA LA 7 0.2389200909009. ..
6/1” 6/2 6/3 6/4 6/5 6/6 6/7 6/8 8 012384138297 v
A VA
711 72 73 74 75 76 77 /8 11 0.981298312892. . .

v
8/1 8/2 8/3 8/4 8/S 8/6 8/7 8/8

3

OO

Today’s Key Question(s):

e  What is the cardinality of the set of the set Q of rational numbers?
e  What is the cardinality of the set of the set R of real numbers?

What is the Purpose of Tutorial 5?

Understand and practice Cantor diagonal argument.

Prove — by means of Cantor diagonal method — that Q is countable.

Further discuss the fact that Q is countable and realise how surprising/unexpected such a result is.
Prove — by means of Cantor diagonal method —that R is uncountable.

Today’s Homework is:

e  Final Assignment: write a short report about

9323395481 3% 4
- 146894310875. , .

e Specifications:

The Deadline is:
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Tutorial 6 — Feedback

What is the Purpose of Tutorial 6?

e Reflect on skills learned on the programme with a view to encouraging resilience

e Receive feedback on final assignment

What are the key questions?

e What strengths have | demonstrated in my work and what areas of development are there left for me to address?

e What steps do | need to take to improve my academic output?

Activity 1 — Marking your own

Using the mark scheme, identify three things you did well and three things you could improve.

What went well?

What could be improved?

1.

Activity 2 — Responding to feedback

Read through your feedback sheet and highlight on your assighnment where you received positive feedback (one colour) and
areas for improvement (different colour). You might find it helpful to annotate this with a brief comment or two.

Activity 3 — Looking Forwards: Think, Pair Share
1. Think about how you can use this feedback in your future school work.

2. Talk to your partner about how you both plan to make changes to your school work in the future as result of this
feedback
3. Share your ideas as a group.

16




Appendix — University Applications Guidance

For course choices and careers information: www.brightknowledge.org.uk
For information and statistics on universities and course: www.unistats.direct.gov.uk

For comprehensive information on universities, including rankings: www.thecompleteuniversityguide.co.uk

PLEASE NOTE — The Researchers in Schools programme is designed to support the university applications process at your school.
The work you complete for the programme should add to your schoolwork rather than detract from it. Please be aware of
deadlines and try to manage your workload appropriately. If you are worried about the programme interfering with your
schoolwork then please speak to your teacher.

Subject Specific Top Tips for Strengthening an application?

e  Study Mathematics (and where possible Further Mathematics) at A-levels.

e Tryto attend as many Maths clubs as you possibly can.

e Tackle as many exercises and problems as you can, on all possible topics you encounter. Ask your teachers for more
exercises if you run out.

e Never compromise with your understanding: dig into a concept/definition/statement/theorem as deep as you can;

e Ask questions: Maths teachers are there to try and answer those (or at least, give you good references to look at!)

o Do not get frustrated when you can’t solve an exercise: Maths is cleverer than anybody tries to deal with it.

e  Most important of all: enjoy what you study! You can’t possibly study Maths at university if you don’t enjoy it.
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